A new method of designing circularly symmetric shaped dual reflector antennas using distorted conics is presented. The surface of the shaped subreflector is expressed using a new set of equations employing differential geometry. The proposed equations require only a small number of parameters to accurately describe practical shaped subreflector surfaces. A geometrical optics (GO) based method is used to synthesize the shaped main reflector surface corresponding to the shaped subreflector. Using the proposed method, a shaped Cassegrain dual reflector system is designed. The field scattered from the subreflector is calculated using uniform geometrical theory of diffraction (UTD). Finally, a numerical example is provided showing how a shaped subreflector produces more uniform illumination over the main reflector aperture compared to an unshaped subreflector.
Introduction
Reflector antennas are widely used in radars, radio astronomy, satellite communication and tracking, remote sensing, deep space communication, microwave and millimetre wave communications, and so forth [1] [2] [3] . The rapid developments in these fields have created demands for development of sophisticated reflector antenna configurations. There is also a corresponding demand for analytical, numerical, and experimental methods of design and analysis techniques of such antennas.
The configuration of the reflectors depends heavily on the application. The dual reflector antennas are preferred in many applications because they allow convenient positioning of the feed antenna near the vertex of the main reflector and positioning of other bulky types of equipment behind the main reflector [3] . Also, the feed waveguide length is reduced [4] . They also have some significant electromagnetic advantage over single reflector systems [5] . Although many dual reflector configurations exist, the circularly symmetric dual reflector antennas remain one of the most popular choices for numerous applications [1] .
One of the most common circularly symmetric dual reflector antennas is the Cassegrain antenna. The Cassegrain antenna is composed of a hyperboloidal subreflector and a paraboloidal main reflector. A feed antenna (usually a horn antenna) illuminates the subreflector which in turn illuminates the main reflector. The main reflector produces the radiated electric field that propagates into space. The radiation performance of the dual reflector antennas depends on the radiation characteristics of the feed and the geometrical shapes of the main reflector and the subreflector. Modern wireless communication and RADAR applications enforce stringent requirements on the far-field characteristics of the antenna. For example, satellite communications impose limitations on maximum beamwidth and maximum sidelobe levels of the antenna to avoid interference with adjacent satellites [2] . The traditional Cassegrain antennas have fixed geometries and offer limited flexibilities to antenna designers. As a result, the maximum performance that can be extracted from these antennas is limited by geometrical constraints.
For high performance applications, the traditional hyperboloid/paraboloidal geometry must be changed. Reflector shaping is the method of changing the shape of the reflecting 2 International Journal of Microwave Science and Technology surfaces to improve the performance of the antenna. Shaped reflector antennas outperform conventional unshaped reflector antennas. Reflector shaping allows the designers additional flexibility. The antenna designers have independent control over relative position of the reflectors, diameter of the reflectors, and the curvature of the reflectors when shaped reflectors are used instead of conventional reflectors. This makes reflector shaping an essential tool for designing high performance reflector antennas.
Many methods of designing shaped reflectors are present in literature. One of the first major articles related to reflector shaping was published by Galindo in 1964 [6] . The method is based on geometrical optics (GO). Galindo's method required solution of multiple nonlinear differential equations, which sometimes may be computationally demanding. A modified version of this method was presented by Lee [7] . Lee divided the reflector surfaces into small sections and assumed the sections to be locally planar. This assumption converted the differential equations to algebraic equations, which are much easier to solve. However, the reflector surface must be divided into a large number of sections to increase the accuracy of this method.
Another popular method for designing shaped reflectors involves expanding the shaped surfaces using a set of orthogonal basis functions [8, 9] . Rahmat-Samii has published multiple research papers on this area [8] [9] [10] . The expansion coefficients determine the shape of the surface. A small number of terms of the expansion set are sufficient to accurately describe a shaped surface. So, a few expansion coefficients must be determined to define the surface. The differential equation based methods determine the coordinates of the points on the reflector surfaces, whereas the surface expansion based method only determines the expansion coefficients. Due to the decrease in number of unknowns, the surface expansion method is computationally less demanding. The surface expansion method can be incorporated with geometrical theory of diffraction (GTD) or its uniform version, uniform theory of diffraction (UTD), to produce an accurate design algorithm [10] . These design procedures are known as diffraction synthesis [8] [9] [10] . This method has been successfully used in many applications. Recently, a few new efficient methods for designing circularly symmetric shaped dual reflector design have been developed. One of the first significant works on this method was reported by Kim and Lee in 2009 [11] . This method divides the shaped reflector surfaces into electrically small sections. Each section is assumed to be a conventional unshaped dual reflector system. Since well-established methods for analyzing conventional dual reflector system exist, the radiation characteristics of each section can easily be evaluated. The shaped surface is defined by combining all the local conventional surfaces. The method requires solutions of several nonlinear algebraic equations. So it is computationally convenient. Another method based on the same principle was proposed by Moreira and Bergmann in 2011 [12] . This method also divides the shaped surface into small local sections. The local sections are represented by unshaped conics. Each conic section is optimized to produce a desired aperture distribution, which is formulated by GO method. As these methods have recently appeared in literature, most of the advantages and drawbacks of the method have not been investigated. Reduction in computational complexity is an obvious advantage. The proposed work concentrated on presenting an alternative method rather than improving the existing methods.
A design method that requires lesser number of parameters to define the shaped reflector surfaces without decreasing accuracy of the obtained results is a challenging goal for reflector antenna designers. In this paper, the surface of the shaped reflector is defined using a novel equation. The shaped subreflector surfaces are assumed to be distorted forms of unshaped surfaces. As most shaped subreflectors resemble their unshaped counterparts [11] [12] [13] , the assumption is logical. The shaped surfaces can therefore be represented by modified versions of the equations that represent the conventional unshaped surfaces. This method of visualizing the shaped surface as perturbed/distorted form of unshaped surface has not been reported in literature yet. As the general form of the surface is generated from the conventional conics, only a small number of parameters need be used to represent the shaped surface. Once the subreflector surface is defined, the main reflector surface is defined using GO method and equal optical path length criterion.
The paper is organized as follows. Section 2 describes the geometry of the shaped subreflector. Surface equations and differential geometric analysis are presented in this section. The synthesis method of the main reflector is discussed in Section 3. Section 4 covers the numerical results. Concluding remarks are made in Section 5.
Geometry of the Shaped Subreflector

Surface Equations.
In a conventional Cassegrain geometry, the subreflector is hyperboloidal. In shaped-Cassegrain geometry, the subreflector is shaped to provide a desired illumination over the aperture of the main reflector. However, the geometrical features of this shaped subreflector are very similar to the geometrical features of the unshaped hyperboloid. Due to these similarities, the shaped surfaces can be considered a distorted form of the unshaped surfaces. So, to define the geometry of the shaped subreflector, the conventional Cassegrain geometry must be described first.
The geometry of a Cassegrain dual reflector antenna is shown in Figure 1 Some of these parameter values are selected from standard values. The other parameters are found using geometrical relations found in literature [3, 14] .
It is assumed that the feed antenna is located at the origin and direction of feed radiation is towards the negative axis. So the hyperboloid must be located at the negative side of the axis. One of the focuses of the hyperboloid must be at origin so that it coincides with the feed. The equation of such a hyperboloidal surface symmetric around the axis is given by the following equation [15] :
where
The parameters and are related to the position of the vertex and focus of the hyperboloid as shown in Figure 1 [15] . The parameter is defined as the radius of surface point projected on the plane. It is related to and by
Equation (1) can be modified as
In (5), the negative square root is taken because the defined coordinate system places the hyperboloid in the negative axis.
For a circularly symmetric shaped subreflector, (4) and, correspondingly, (5) need be modified. A distortion function, (⋅), is introduced in the equations to get the shaped surface:
The distortion function, (⋅), must be a function of to maintain circular symmetry. The shape of the surface depends on the expression of (⋅). Through literature review, it is found that shaped hyperboloidal subreflectors are usually different from unshaped hyperboloids near the edges [13] . The shaped surface curves towards the vertex at the edges. An exponential function with arguments containing even powers of can give the desired shaped. The following generalized expression of the distortion function is developed:
The function contains 2 number of parameters denoted by and . Here, denotes the th amplitude distortion parameter and denotes the th exponent distortion parameter. The parameters together are termed distortion parameters. For high values of , the control over the curvature of the surface is more precise. But it increases the number of parameters required to define the surface. It is found that, for practical subreflector surfaces, = 2 is sufficient and only 4 parameters are required to define the surface.
Two-dimensional and three-dimensional representations of shaped surfaces obtained using (7) are shown in Figures  2 and 3 . The figures are generated using arbitrary values of the distortion parameters. However, it is necessary to establish that practical shaped subreflector surfaces can be accurately represented by these equations. Practical data of a shaped hyperboloidal and subreflector surfaces are taken from literature [13] . The dimensions are normalized with respect to subreflector diameter in [13] . By adjusting the distortion parameters in (8) and using them in (7), a surface closely resembling the shaped subreflector surface of [13] is generated. The results are shown in Figure 4 .
It is clear that the unshaped surface is very different from the shaped surface. With 1 = −3.3363, 1 = 0.5706, 2 = 2.1697, and 2 = 0.1951, the sum of squares of the error between the defined shaped hyperboloidal surface and the practical data of [13] is only 3.2 × 10 −5 . So the derived equations represent the practical shaped surface very closely.
Differential Geometric Analysis.
The design procedures of reflector antennas are interrelated with the numerical techniques that are used to analyse those antennas. GO and UTD are two common numerical techniques employed for these purposes. To apply these methods, it is necessary that the reflecting surfaces be expressed in differential geometric form. Also, the normal vector at each point of the surface must also be defined to compute scattered field using GO or UTD method [16, 17] .
The shaped hyperboloidal surface defined by (7) can be represented using parameters and in differential geometrical form as [16, 18] 
Here, ( , ) are the polar coordinates of the projection of a surface point on the plane. The unit normal vector,n s , is defined by the following equation [19] :
The differential geometrical parameters along with the coordinate system are shown in Figure 5 . The incident ray vector (ŝ i ) and the reflected ray vector (ŝ r ) are also shown in Figure 5 . As the unit normal vector is required for later calculations, (10) needs to be evaluated. The partial derivatives can be calculated from (9) using (8):
Substituting these values in (10),
For a given set of distortion parameter values, the shaped subreflector surface and the normal vectors can be evaluated using these equations.
Synthesizing the Main Reflector
In a dual reflector system, the shape of the main reflector is completely dependent on the shape of the subreflector. Once the shape of the subreflector is defined, the main reflector must be shaped so that the path lengths of the rays are constant at an observation plane perpendicular to the main reflector axis. Using GO methods to calculate the incident and reflected ray vectors, the required position of a point on the main reflector surface for a given point on the subreflector surface can be formulated. The geometry of dual reflector system with a shaped hyperboloidal subreflector is shown in Figure 6 . An observation plane is defined parallel to the plane. In the twodimensional diagram of Figure 6 , the observation plane is shown as line parallel to axis going through the point (0, 0, ref ) . For a ray emitted from the feed, the sum of the distances 1 , 2 , and 3 must be constant ( 1 ), irrespective of the position of reflection on the subreflector surface. So
The distance 1 can be calculated by considering an axial ray from the feed (along the axis). From Figure 6 , for the axial ray, the distance from feed to subreflector is ( + ); then the distance from the subreflector to main reflector is ( + + ), and finally the distance from main reflector to observation point is ( − ref ), when considering ref to be a negative quantity. So 1 is calculated as
The parameter can be related to the geometrical parameters of the unshaped subreflector, , and the unshaped main reflector as seen in Figure 6 :
Using (16) in (15),
The distance 1 is related to the coordinates of the subreflector surface point ( , , ) as
The reflected ray from the main reflector is parallel to the z axis. The distance 3 can easily be related to the coordinates of the main reflector surface point ( , , ) as
To calculate distance 2 , it is necessary to calculate the reflected ray vector. The unit vector in the direction of the reflected ray is found from GO method and is given by [16] 
The vector r is defined by (9) andn s is defined by (12) . Once the unit vector along the reflected ray is formulated, the reflected ray vector, s rd , defined from the reflection point on the subreflector surface can be defined as s rd =ŝ r 2 +x +ŷ +ẑ.
In (22), the subreflector surface point vector appears as additive term. This term is used to shift the vector from origin to the subreflector surface point ( , , ).
Equation (22) can be reorganized as
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The components of this vector indicate the coordinates of the main reflector [18, 19] . So = (ŝ r ⋅x) 2 + , = (ŝ r ⋅ŷ) 2 + , = (ŝ r ⋅ẑ) 2 + .
(24)
Substituting the value of from (24) to (19),
Now, using (18) and (25) in (14) and solving for 2 ,
Equation (26) can be used to calculate 2 for a given subreflector surface point and it can be replaced in (24) to calculate corresponding main reflector surface point. Thus, the derived equations can synthesize the main reflector surface for an arbitrary subreflector surface.
To verify the method, the main reflector for an unshaped hyperboloid is synthesized. It is found that the synthesized main reflector is an exact paraboloid, which is expected. Thus, the method is verified.
Numerical Example
For numerical analysis, the feed is assumed to be a conical corrugated horn antenna. The radiated field from the horn is calculated using standard equations [1] . The fields scattered from the subreflector are calculated using UTD method. The observation points are taken on the main reflector surface. First, the scattered field from an unshaped hyperboloid is calculated. The results are shown in Figure 7 . The rapid fall of the reflected field indicates the reflection shadow boundary (RSB) of the subreflector [16] . It can be observed from Figure 7 that the scattered field tapers gradually as the observation angle increases. This creates a tapered illumination of the main reflector. Using the proposed method, a shaped hyperboloidal subreflector is defined which produces a more uniform field distribution. An optimization algorithm can be used to find the optimum set of distortion parameter values that will create a subreflector surface that will create a desired illumination. The scattered field for a shaped subreflector defined by the parameters 1 = −3.3928, 2 = 2.5015, 1 = 1.7212, and 2 = 0.7184 is shown in Figure 8 . The values of the distortion parameters are calculated using differential evolution (DE) optimization algorithm [20] [21] [22] . The fitness function in the optimization process is defined in terms of uniformity of the scattered field. As a result, the algorithm converges to a set of distortion parameter values that result in a uniform aperture distribution. It can be observed that the scattered field is more uniform when the subreflector is shaped. 
Conclusion
A novel method of expressing the shaped reflector surfaces has been presented in this paper. The method expresses the shaped subreflector surface as distorted form of the unshaped conventional conic surface. This allows us to mathematically express the shaped subreflector surface with only a few parameters. The shaped main reflector surface is synthesized employing GO method and using the derived equation of the shaped subreflector. A numerical example is provided to show how a shaped reflector system defined by the proposed method can create a uniform field distribution over the main reflector aperture. As only a few parameters completely 8
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